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一、中文摘要：
令 E 為定義在 Q 上的橢圓曲線,和 P 為曲線上具有無窮秩的有理點. 假設 E 
擁有複乘數姐且其複乘數為複二次體 k 中的 零化子。令 M 為 具有下列性質的
質數所形成的集合: p 在 k 中可分解, E 在 p 有好的約化,而且 P 模 p 為一
質點。假設一般化的黎曼猜想成立,我們可以決定 M 的密度是否為一正數。
關鍵詞: 質點,橢圓曲線,複乘數,密度。
二、 英文摘要(Abstract):
Let E be an elliptic curve defined over Q, and P a rational point of infinite order. 
Suppose that E has complex multiplication by an order in the quadratic imaginary 
field k. Denote by M the set of rational primes p such that p splits in k, E has good 
reduction at p, and P is a primitive point modulo p. Under the generalized Riemann 
hypothesis, we can determine the positivity of the density of the set M explicitly.
關鍵詞(Key Words): primitive points, elliptic curves, complex multiplication, 
density
三、 計畫緣由與目的:
The well-known Artin's primitive root conjecture was proved by Hooley in [6] 
under the assumption of the generalized Riemann hypothesis (GRH). There are 
various types of analogous primitive root problems. For example, the quadratic 
analogue in [2] and [10], the analogue for one-dimensional tori over the rational 
numbers in [3] and over the function fields in [4], and the r-rank analogue in [1] and 
4[9]. In this project we consider the analogue for elliptic curves following [5] and [8]. 
Let E be an elliptic curve defined over the rational numbers Q and P a rational point 
of infinite order. For a rational prime p, P is called a primitive point for the prime p if 
P modulo p generates E(Fp). Lang and Trotter conjectured in [8] that the density of 
primes p for which P is a primitive point always exists. In that paper, only a necessary 
and sufficient condition for a prime q to divide the index [E(Fp): <P modulo p>]   
was formulated which accomplished an algebraic step in line with Hooley's proof in 
[6].  The first break of this conjecture was struck by Gupta and Murty [5] in the case 
that E has complex multiplication (CM) by the maximal order Ok of a quadratic 
imaginary field k. In [5], they treated the splitting primes and proved the existence of 
the density in question under the assumption of the generalized Riemann hypothesis 
GRH. The positivity of density was also checked in their paper in some special cases. 
More precisely, they showed:
Theorem:(Gupta-Murty, [5])
Let E be an elliptic curve defined over Q with CM by Ok. Denote by M the set of 
rational primes p such that p splits in k, E has good reduction at p, and P is a primitive 
point for p. Assuming GRH, then
(a) The density of M exists.
(b) Suppose further that 2 or 3 are inert in k or k= Q(sqrt(-11)). Then the density of M
is positive.
It is not difficult to check that for these cases the Mordell-Weil group E(Q)
always has trivial torsion part, and furthermore Etor(k) is trivial. For the case k= 
Q(sqrt(-7)) and E has CM by Ok. One checks that E[2]ÌE(k), hence the density of M
is 0. 
 In this project we try to relate the positivity of the density with the torsion 
part of the Mordell-Weil group in all cases.
四、計畫結果與討論:
此一研究計畫中，我們得到以下的結果：
Theorem: Assume GRH. Suppose that E has CM by an order in k and P is a 
nontorsion rational point. Suppose further Etor(k) is cyclic. Then the density of M
is positive if and only if for any prime q|#(Etor(k)), there exists no k-rational
q-isogeny Φ:E’→ E  such that              Φ-1(P)ÌE'(k).
5五、計畫成果自評
    此一研究成果將Artin的質根猜想推廣至橢圓曲線的情況。其中
需要大量地代數的理論支持以及相當繁瑣的計算，可是我們總算克服
困難成功地得到上述的定理。但是我們將來會繼續此一研究，尤其是
關於在 k 中不可分解的質數 p的情況。
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